
Extended model of functional balance

ledomlanigiroeht:sledomecnalablanoitcnuffoytilitU

Plants are subjected to widely-varying nutrient concentrations, diverse patterns of spatial
otylbamuserP.ytilibaliavatneirtunfoseludehcsdeiravdna.liosnistneirtunfonoitubirtsid

maximize growth and, ultimately, reproductive success = Darwinian fitness, They adapt to
nidna)noitaiceps,noitaitnereffidcipytoce(scitenegnisegnahchtiwsnoitidnocesrevidhcus

phenotype (physiology, morphology, phenology). Here, as in two articles on our original
-loisyhpnosucofew,)5991,yaKdnakcihcstuG;3991,kcihcstuG(ledomecnalablanoitcnuf

ogy and morphology: how do plants acclimate in root uptake capacity for nutrients (V , Kmxam

xamV=v,stoorfossamroaerarepetarekatpufonoitalumrofnetneM-sileahciMehtni
c/(c+K )), allocation to roots (as root:shoot ratio, r), and tissue nutrient content? The discus-m
sion can also be extended to root morphology, e.g., to root fineness that increases

-nocesnopserhcaehcumwoh,rehtruf,ksayamenO.).evoba.sferees(soitaremulov:ecafrus
tributes individually to maximizing relative growth rate (taken as a potent index of fitness).

)RGR(etarhtworgevitalergnitlaumroffohcaorppaehtkootew,deticsrepapowtehtnI
in terms of r, v (or components V , K , and nutrient conc. at the root surface, c ), andamxam
descriptors of how nutrients are used for photosynthesis and growth: the photosynthetic

repNfomargrepdexfietahtnysotohpfosmargsahcusstinuni(p,ycneicffieesu-tneirtun *

L ycneicffieehtdna,)α(sevaelotssamtoohsfonoitacollalanoitcarfeht,)yadrodoirepotohp
of biosynthesis (fractional conversion of photosynthate to final dry matter, β). A full deriva-

ybdetimiletara:syawowtniRGRetalumrofew,yfleirB.srepaphtobninevigsinoit
nutrient availability, RGR , and a rate limited by the use of that nutrient (commonly, N) inln

Clphotosynthesis, RGR . In steady exponential growth (early growth), these two rates must
sinoitartnecnocsihT.f,noitartnecnoctneirtuneussitehtstes,tcafni,sihT.rehtohcaelauqe n

L
* ,α,p,v,rnoeroferehtdna,tneirtunfoesudnaniagneewtebecnalabehtnotnednepedsuht

and β. Before discussing other implications, we complete a quick derivation of the original
a:ledom)BF(ecnalablanoitcnuf

(1)________________________ )esaercnirettamyrdfoetar(
)ssamyrdtnerruc(

=RGR nl

=
(fractional content of nutrient in dry matter).(plant dry mass)

(rate of nutrient gain by whole plant)___________________________________________________

__________ vm

)m+m(f
=

n r s

r

r sHere, m and m are the root and shoot dry masses, respectively. We can simplify this by
:m/m=rgnisudnamybrotanimoneddnarotaremungnidivid s r s

(2)________ vr
)r+1(f

=RGR nl

n

sietarrehtoehT
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(3)lCRGR =
(current dry mass)

β (rate of photosynthesis by whole plant)___________________________________

______________________________________ )ssamyrdrepetarSP()ssamyrdfaellatot(β
m+m

=
r s

n
*

sL

sr
=

m + m

βα m p f__________

________ fprαβ
r+1

= L
*

n

n n,frofnoisserpxenasusevigsetarowtehtgnitauqe;fevlovnisetarhtoB

(4)______ vr

pαβ
=fn

L
*√

nWe can then eliminate f , substituting it into either RGR formula, to get

(5)pαβv______ r
r++1

=RGR
√ *

L
BF √

The formula of Eq. (5) has both strengths and constraints. It shows how traits or param-
,llamsebotnwohssi,ralucitrapni,rfo"egarevel"ehT.RGRtceffanacvdnarsahcussrete

since the factor r/(1+r) varies rather slowly as r changes radically. The leverage of uptake√
rate, v, is as the square root, which is rationalized in the papers. A consequence is that RGR

yb,detamitseebnacOChgihfotceffeehT.%01ybsesaercnivnehw%5ylnosesaercni 2

n
*noting that this increases p ; RGR is predicted to increase and f to decrease. The exact

BFehT.evahebpdna,β,α,v,rwohnopudnepedfdnaRGRnisegnahcevitatitnauq n L
*

ydaertonerasledomcitsinahcemerom,rehto,esiwekiL.segnahchcustciderptonnacledom
for such predictions, either, particularly from deep bases such as gene expression, which

sledomnoitazimitpO.teytnalpynarofelbaiavatonnoitamrofnifostnuomatsavseriuqer
may be useful: one seeks the mathematical values of r, v, etc. that maximize RGR. Such

rtahtgnidulcni,elbakramererastluseremoS.srepapdetichtobnidessucsiderastpmetta
should be 1.0, independent of nutrient status, and that v should be as large as physically pos-

esehT.)elpmaxerof,secafrustoornosnietorpreirracekatpurofecapsybylnodetimil(elbis
predictions are rarely borne out. Optimization models have implicit assumptions that plant

foseruliaF.noitazimixamroflaogetamixorpehtsiRGRtahtdnadetimilnusiyticitsalp
optimization models teach us to search for other aspects of growth that might be the main

-orpledomBFeht,tneveynanI.sgnihtrehtognoma,serusserpnoitceleslarutanfotcejbus
vides a first estimate for how traits such as r, v, and p contribute individually to RGR. It*

htiwenonisesaercnisahcus,rehtohcaeetasnepmocthgimsesnopserwohsetacidniosla
decreases in another, and also how responses such as increased p in high CO lead naturally2

*

nto low f but not inherently penalizing RGR.
One limitation of FB models in general is that the growth stage being analyzed must be

nisegnahcevissergorpesuacytilibaliavatneirtunnisegnahcgiB.osylraenrodecnalab
uptake and use of nutrients, such that these two processes may be imbalanced (modestly) for

tneirtunesuaclliwytilibaliavatneirtunniesaercedevissergorpa,elpmaxeroF.semitgnol
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,dilavtonsis’RGRowtfognitauqeehT.tneirtunehtfoesucitehtnysotohpehtgalotekatpu
though it may be close to valid if the change is not abrupt.

ledomdednetxenarofdeenehT

A second limitation of the original FB model is that the role of mycorrhizae (MR, or
etiuqebyamRMelihw,devlosertonsi)yllacfiicepssugnuflazihrrocymehtetonedotFRM

important, particularly in responsiveness of growth to high CO . The MRF can change (usu-2
,FRMrossamtinurepetarekatpuehT.etahtnysotohpgnisuoslaelihw,v)esaercniylla

denoted as v , may be larger than that of pure root tissue. The metabolic rate per unit massM
may also be larger, particularly if we account for root exudation as a usage of photosynthate.

snoitatimilsuoiravhtiwhcae,syawlarevesdetalumrofebnac.cte,β,vnoRMfostceffeehT
or approximations. Consider first the carbon-limited growth rate. One might equate the rate

nobrac)1(rofesufosetarfomusehthtiw)A,etarnoitalimissa(ylppusetahtnysotohpfo
skeletons in dry matter, (2) energy metabolism to generate ATP for polymer synthesis and

tsoc)htworg-non("lanoitarepo"nasa,FRMybnoitpmusnoc)3(dna,.cte,noitcuderetartin
proportional to existing MRF biomass, m . Taking the dry mass of C-skeletons as closelyM
equal to that in original photosynthate, and taking both of the first two PSate uses as propor-

:evahew,noitcurtsnoceussitwenfoetarehtotlanoit

(6)mR+____ md

td
)R+1(=A g

p
M M

We may take MRF biomass as proportional to plant biomass, to express the entire right-hand
emitstidnam+m=mssamoibtnalpesuaceb,revewoH.ssamoibtnalpfosmretniedis p s r
rehtaremocebRGRdnaetarhtworgrofsnoitauqegnitlusereht,rehtegotdeximeraevitavired

involved algebraically. The basic formulation is also somewhat unrealistic, given that MR
-imisseussitFRMdnaseussittnalptaertotylbaborpsinoitalumrofrettebA.worgoslaignuf

larly. We ascribe to each a consumption of photosynthate proportional to their biomass
nosnhoJsahcusaidnepmocgnilledom,.g.e,ees(htworgfosnoitalumrofrehtO.setarhtworg

and Thornley, 1988) resolve a maintenance component of respiration that consumes photosyn-
daeldluowsihT.)6(.qEnimretdrihtehtotylralimis,ssamoibotlanoitroporpetarataetaht

to the same complications in algebra. For a cleaner treatment, we consider that maintenance
ecnanetniamrehgihevahseussitevitcaerom;etarhtworghtiwlellarapniesiryllacipytstsoc

rates. Thus, we approximate maintenance PSate usage as (R =constant)*dm /dt. We canpm
etirwneht

(7)._____ md

td
)R+R+1(+____ md

td
)R+R+1(=A g m

p
g,MR m,MR

M

stneicffieoceht,)dipildna,nietorp,etardyhobracfonoitcarf(noitisopmoceussitnevigaroF
are nearly constant with time. We can combine them and write

(8)_____ md

.td
____1

β
+____ md

td
___1

β
=A

p

p

M

M

pHere, β is the biosynthetic conversion efficiency for plant tissue growth, just as in the origi-
,ytitnauqtsalsihtfoesrevniehtekatsuteL.eussitFRMroftnelaviuqeehtsiβ;ledomlan M

which is the photosynthate demand for growth of MRF tissue, as a factor G times the that for
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plant tissue. We expect that G > 1, reflecting some wasteful metabolism, as of exudates. The
roenonitnatsnocylbanosaerebdluohstubegatslacigolonehphtiwegnahcyamGfoeulav

more growth stages of interest. This proposal may be taken as a hypothesis that is useful to
.erehgnipolevederaewsahcussledomhtworgnisnoitacilpmistirofylralucitrap,tset

Let use express the biomass allocation to MRF as a multiplier α applied to root-onlyM

MrMMbiomass, m = α m , with α commonly much less than 1. We then write the carbon-
saetarhtworgdetimil

(9)
._______________ Aβ

)_____ r
r+1

αG+1(
=____ md

td
p

M

Here, we have dropped the subscript "p" on β, which is understood as applying to plant tis-
saetarhtworgevitalerfonoitalumrofaotsdaelsihT.eus

(10)
______________ fpαβ
)]αG+1[r+1(

=____________________ fpαβ

)_____ r
r+1

αG+1()r+1(
=RGR Cl

M

L
*

n

M

L
*

n

tnalp-elohwnoignufFRMfoecneserpehtfotceffeehtsserpxeotdeenew,ylralimiS
uptake. We write this uptake rate in terms of rates per unit dry mass of plant root and of

nataevirrayletamitluew,mαsaFRMfossamehtgnisserpxE.vm+vmsa,FRM r p M M M r
,etarhtworgevitalerdetimil-tneirtunrofnoisserpxe

(11)._________________ )vα+v(r

))αG+1(r+1(f
=RGR nl

n M

p M M

n
FB.RGRrofnehtdnafrofevlosnacew,ledomBFlanigiroehtrofsatsuJ

Some interesting predictions arise. If we write v as a multiplier times the root specificM

pMuptake rate, v = g v , we obtain

(13)_____________________________ )αg+1(vrpαβ
])α+1(r++1[])αG+1(r+1[

=RGR FB

M M

L
*

p M√
The ratio of this RGR to that without MRF present is

(14)____________________________ )αg+1(

])α+1(r+1[])αG+1(r+1[
)r+1(=________ RGR

RGR FB

MR
FB

M M

M√
MIn the case that r = 0.5, g = G = 3, and α = 0.3, this ratio is 1.15. That is, adding MRF that

siRGReht,etahtnysotohppugnisunioslatubekatpuni,stoorfo"snoisrevevitcaerom"era
improved by a factor of 1.15, or a 15% relative gain. The expression for f shows a gain inn

nf from the presence of MRF, a gain greater than that from the acceleration of uptake only,
yrdlatotfoesabnoteleks-Cehtsecudersetardyhobracfonoitpmusnocs’FRMehtesuaceb

mass.

Second consideration: carbon use, inhibition of photosynthesis, and response of RGR to
sutatsetardyhobrac

It has been suggested (ref.) that the use of photosynthate by MRF might relieve some
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inhibition of photosynthesis from product accumulation (ref. - Foyer?), when plants grow at
RGRevorpmidluowetahtnysotohpfo"etsaw"ynatahtylekilnusmeestielihW.OChgih 2

(barring some unusual forms of photosynthesis response to carbohydrate status), the conse-
.noitnettatiremodnoitibihnisisehtnysotohpfodnaesuetahtnysotohpfosecneuq

For this task we must formulate a carbohydrate balance. Let A = photosynthetic rate of
)egareva(foerusaemasiferehw,)fk+1(/1rotcafaybdefiidomebtnalpelohweht C C C

C -iripme(nasik,ereH.sussittnalpniesorcusfoytiralomsahcus,tnetnocragustnalp-elohw
cal) inhibition constant. We write

(15).________ 1
fk+1

fpmα=A L s
*

n
C C

C -pircsedaevahtsumeno,fenimretedoT.setardyhobracrofmretecruosdefiidomasisihT
tion of how photosynthate use for growth responds to f . The relative growth rate doesC

,mrofnetneM-sileahciMelpmisaekatewfI.).fer(ytilibaliavaetardyhobracotdnopser

(16),_______ f

K+f
RGR=RGR max

C e

C

niatboot,RGRdetimil-Cehtotsihtetauqenacew

(17)._______ f

K+f
RGR=______________________ fpαβ

]k+1[])αG+1(r+1[ M C

L
*

n
max

C e

C

CLFor known values of β, α , etc., we can solve for f . That is, we have a second functional
-cnufsihtevlostsumeW.esuetardyhobracdnaniagetardyhobracgnivlovniwon,ecnalab

tional balance (FB) equation simultaneously with the FB equation for nutrient uptake and use.
noisserpxeciarbegla,smroflacitamehtamdesolc(snoisserpxelacitylananiatbootelbissopsitI

and square roots). However, these are very complicated and difficult to comprehend. For our
rofevlosdna)71(.qEnifetamitseeW.hcaorppaelpmisyllautpecnocaesuew,sesoprup n

n
lnlC

Cf , thus, for RGR . In general, this will not equal RGR , so we progressively alter f until F
htiwnigebew,ylpmiS.tietamixorppaothsiwewsaylesolcsa0slauqeRGR=RGR= Cl

nl

nextreme limits of the range in which f might lie (say, 0.01 = 1% N to 0.06 = 6% N). At
evitagendnafhgih-oottaevitisopeblliwtI.F,ecnereffidRGRehtetupmocew,timilhcae n

nat too-low f . We evaluate F at the midpoint and then determine if the solution F=0 lies in
wenehtneewtebegnahctsumFfongiseht(flahrewolehtrolavretniehtfoflahreppueht

upper and lower limits of f ). We keep subdividing the interval in which f is found to lie, tonn

nfniytniatrecnuehtecuderyllacipytlliwsgnivlahosronezodaylnO.ycaruccaderisedyna
to 0.00001.

The formulation here introduces a maximal RGR, for which there is evidence (Poorter?).
emossahedutingamstitub,derusaemylisaeron,derusaemyllacipyttonsiytitnauqsihT

significant effects on RGR responses to MRF presence, to high CO , and to altered nutrient2
ehtfonoisrevretupmocehtgninnurybylidaerderolpxeebnacecnacfiingisehT.ytilibaliava

model. So, too, the computer model can be used to explore many other potential couplings of
.ftnetnoctneirtunrevodnaRGRrevoegarevelriehtdnasesnopsertnalp n

ledomehtgninnuR
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The model is coded in Fortran 77 and has been compiled on a Sun IPX. The source
:nigolptfsuomynonanagnisu,ude.usmn.oblib,etisptfymmorfdedaolnwodebnacedoc

ftp bilbo.nmsu.edu
(System types:) Connected to bilbo.nmsu.edu

.ydaer)1.4SOnuS(revresPTFoblib022
Name (bilbo.nmsu.edu:vince):

suomynona):epytuoY(
(System types:) 331 Guest login ok, send ident as password.

]sserddaliameruoy[):epytuoY(
(Don’t worry, I won’t sell your listing to Time/Warner/AOL)

.ylppasnoitcirtserssecca,konigoltseuG032):sepytmetsyS(
ftp>

bupdc):epytuoY(
(You type:) get FB2.f

tiuq):epytuoY(
You can also run the program directly on my computer, using a guest account. Use telnet to

:sseccaniag
telnet bilbo.nmsu.edu

...8.5.321.821gniyrT):sepytmetsyS(
Connected to bilbo.nmsu.edu.

.’]ˆ’siretcarahcepacsE

Sun OS UNIX (bilbo)

:nigol
tseug):epytuoY(

(System types:) Password:
(You type:)xxxxxxx [the password will be available by email

]ude.usmn@ecnivotdnes
(System types out a ’message of the day,’ which you can ignore,

:nn}tseug{oblib):sepytnehtdna
(Here, nn is the number of the command; if you’re familiar with

)lufesuebnacsiht,llehs-CXINUehtniyrotsihfoesueht
(You type:) FB2.ex

At this point, the Fortran program takes over, prompting you for all the information needed
:ledomehtyb

alphaL = αL
*p=ratsp

r
beta = β

v=tnalpv
alphaM = αM

Mv=Mv
kC = kC

eK=eK
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G
RGRmax = RGR xam

n noitulosrofhcraesothcihwniffostimilreppu,rewol=0ihNf,0olNf
The program prints out this list, with the definition of each term and the units to be used.

.snoitpoeraereht,sretemarapemosroF.eulavretemaraphcaeretneotuoystpmorpnehttI
For example, p can be entered directly in the units used by the model, which are grams of*

photosynthate per g of N in leaves per day (that is, per photoperiod). It can also be computed
,)gg(sevaelfof,)sglomµ(ssamtinurepetarnoitalimissaemityadegarevamorf CO2

−1 −1
n N DM

−1

gniyficepsrofsnoitpoehtllauoyswollastpmorpehT.sdnocesni,htgneldoirepotohpehtdna
p , v, and v .M

*

After you have entered values for all parameters, you have several options:
fdnaRGRetupmocotnoitalumisanur=nur n

sretemarapllarofnesohcevahuoyseulavlaciremunehtees=ees
all = re-enter all parameter values

margorpehttixednanoitucexepots=pots
name = change the value of parameter you have named. For example, if you type

sinoitposihT.vrofeulav)wen(aretneotuoytpmorplliwmargorpeht,tnalpv
handy for making multiple runs, changing parameters and comparing RGR (and f )n

gnitpmettaerofeb,edamevahuoysekatsimtcerrocotlufesuoslasitI.snurneewteb
a run that (rarely) may cause the program to abort.

ehtesuaclliwseirtnesuoenorreontahtos,tsubormetsysehtekamotdetpmettaevahI
program to stop; rather, the program recognizes an error, notifies you, and asks you to re-enter

trats-eryamuoy,strobamargorpehttahtsesacerarehtnI.noitpofoeciohcehtroeulaveht
it by typing FB2.ex again when the prompt bilbo{guest}nn: appears again. In the even rarer

aepytnacuoy,)suoenatnatsniyllautrivyllamronerasrewsna(pusgnahmargorpehttahtesac
ˆC (control-C) to kill the program and start over.

The list of plant parameters demanded by the model is moderately extensive and includes
RMfodnamedcilobatemro,RGRsahcus,derusaemylnommoctonsretemarapemos max
enO.derusaemtonsretemarapfosetamitsedemrofniekamotdegaruocnesiresuehT.ignuf

might use somewhat noisy experimental data, such as data on growth that might indicate
rehtomorfsretemarapesuoslathgimenO.G,suht,dnaycneicffienoisrevnoccitehtnysoib

studies on the same species or funtional group. Finally, one might make educated guesses,
fopuorglanoitcnufehtniyadrep2.0deecxeotdnuofneebtonsahRGRtahtsahcus max

plants under study. The estimates of these parameters do have functional significance in the
latnemnorivnednacitenegtuobaeromnraelottnemegaruocnenasasihtekateW.ledom

controls on these parameters, and to design future experiments with the model demands in
.llewsa,sesylanarosledomrehtoynamniesufoerasretemarapehT.dnim

Other features of the program

In addition to reporting the computed RGR and f , the program reports the plant car-n

Cbohydrate status (f ) and the consequent degree of inhibition of photosynthesis.
dnaRGRniegnahcehtetupmocoslalliwmargorpeht,retemarapelgnisasegnahcenofI

the sensitivity of RGR to that parameter. Sensitivity is defined as the logarithmic derivative,
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d (ln RGR)/d(ln parameter), and it has no dimensions (is a pure number, that is). Basically, it
roF.retemarapehtniegnahcevitalerehtotRGRniegnahcevitalerehtfooitarehtstneserper

example, in the original model, RGR varies as the square root of uptake rate v. The sensi-
ot2.0morf,yas(RGRniegnahc%5aevigdluohsvniegnahc%01a;2/1nehtsiytivit

1.05*0.2 = 0.21). For the extended model, the sensitivity of RGR to the various plant param-
evitaviredehtsetupmocmargorpehT.ealumrofcitylanamorfdetaluclacylidaertonsisrete

numerically, as

(18).__________________ )RGR−RGR(

)eulav=eulav(
_______ eulav

RGR
=ytivitisneS

old

old

new old

new old

.evitiutniretnuocebyamsihtdna,wolrehtarsisretemarapemosotRGRfoytivitisnesehT
For example, RGR is insensitive to root:shoot ratio, r, in the original model and in this

ledomlanigiroehtni)r+1(/)r-1(*5.0sa)r(SytivitisnesehtetaluclacnacenO.ledomdednetxe
(calculus not shown). For r = 0.5, this gives S(r) = 0.17, far less than 1.

.deiravgniebretemarapehtotffoytivitisnesfosnoitaluclacstroperoslamargorpehT n
*

n na,sitahT.793.0-sawpotffo)Stillac(ytivitisneseht,yltnecernarIelpmaxeenonI
increase of 10% in p causes a reduction of 4% in f (from 0.047 = 4.7% ton

*

(19)1540.0=0740.0*)]1.0[]793.0−[+1(=)fdlo(*)]pniegnahcevitaler[*S+1( *
N

Often, the model (and experimental reality) indicate that RGR is rather insensitive to a param-
-isnesyrevsifelihw,rotevitisnesniyrevnetfosiRGR,elpmaxeroF.tonsifelihw,rete n n

n.frof85.0tubRGRrof01.0saw)r(S,yltnecernarIelpmaxenanI.evit
The program can also calculate the sensitivity of root uptake rate v to root uptake param-

-elpedlacolmorfyawa(liosklubninoitartnecnoctneirtunotsallewsa,KdnaVsrete max m
tion zones around roots). This requires that one has chosen to compute v from these parame-

ehtgnisuvsetupmocmargorpehT.gnicapstoor-retnidnasuidartoorehtmorfdnasret
steady- state concentration gradients from bulk soil to root, assuming that roots are long uni-

oslaeravfoseitivitisnesemoS.)ekatpuevitcafoenozriehtrevotsaelta(srednilycmrof
remarkably small. When diffusivity of the nutrient in soil is low, increased or decreased K

v
m
nidetcepxesa1morfraf,elpmaxerof,50.0ebnacS;tceffeelttilyrevevahyamstooryb

models that do not resolve the limitation of uptake by diffusion in soil.

skramerlaniF

I welcome comments about the use of the model and of conceptual development. If
-inummocesaelp,deredisnocebdluohssetarepoygoloisyhpwohfosnoitalumrofevitanretla

cate with me. My contact information is:
___________________________________________________________

Vince Gutschick Internet: vince@nmsu.edu
1665-646-505-1enohPFA3,ygoloiBfo.tpeD

New Mexico State Univ. FAX 1-505-646-5665
.A.S.U30088MN,securCsaL

__________________________________________________________
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