Modelling stomatal conductancesYgCO, assimilation A), and transpiration (§) of an indi-
vidual leaf, using the response to the leaf to its local or "aeriglfoement and to AB as a
root-sourced signal of ater stress.

1. Introduction

There is a long history of models to estimatand thusA and g , from the emironment of
the plant and its ptsiology. The aim here is to present one full model recentieldped by V
P. Qutschick (N&v Mexico State Uniersity, Las Cruces, NM, USA) and Thierry Simonneau
(INRA / Ecole Nationale Superieure Agronomique - Montpellieance) with the cooperation of
Franmis Tardieu (INRA / ENSA - M). This model combines, in one of awchoices of mathe-
matical form, the aterstress or AB response of stomata with the stomatal response to the
aerial enironment. Thdatter response is modelled as a combination of the Ball-Berry stomatal-
control model (Balket al, 1987) with standard equations of egyebalance (to set leaf tempera-
ture, T) and of CQG assimilation. (Oumanuscript, under vgew, details hov we dose the
Ball-Berry model in particulay

The ABA response is modelled as amgaese-exponential response to AB which we may
denote as aattor g,.. Itis combined with the Ball-Berry response inafiorms. Letthe Ball-
Berry response be represented as a linear relatjiecnnylgg + b. The parametersi andb are
fitting parameters, and the indgg will be detailed later; it depends on g@ssimilation and
other \ariables. Thdirst form, which we found a better fit in our manuscript view, is what
we term the multiplicaie nodel; the AR factor simply multiplies the Ball-Berry slopa;

gs = gfacmOIBB + b (l)

The second form setg gs the minimum of a Ball-Berry form and a form respas& ABA and
a maximal conductance s g

Os = min [m IBB + b! g‘acgmax (2)

This we term the model of the minimum.

Our model bgins with the purely abioticariables (meteorological, soilytraulic), fixed
structural descriptors of the plant (leaf dimensions, cagepmetry if one wishes, root geome-
try), and plant pysiology (carboxylation capacitpABA-response parametershhe full model is
presented here in narnatiform, to enable one to use therffan-77 ersion of the modelWhile
the Fortran code isdensvely commented, it does not senss a wseful introduction of the
model. Inorder for one to knw what descriptors are needed and in what units, tovkhe
complete description of the model (all its equations), and to understand the mathematical method
of solution, we preide this narratie.

The local emironment of the leaf is described by the abiotiables of RR irradiance
(PPFD), other shortaveenengy flux density (in the near infrared, or NIR), thermal infrared flux
density windspeed (to set boudnary-layer conductance), air temperature, and air humidity (as
water-vapor partial pressure,)e Thesevariables dve A, leaf enegy balance (setting leaf tem-
perature, T), and stomatal conductancaytlihese three relationsvimlve each other and each
relation is nonlinearso that special techniques of mathematical solution are neetleel.leaf
also responds to AB which is generated in the roots in response to rabémpotentialy,) and
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the root transpirational stream through the root per unit arpa The root water potential
depends upon the soilater potential ) and the drop iny in transport of water through the
soil; thus, it depends on soiydraulic conductiity and some basic elements of root geometry
(diameter spacing, clumpingdctor). Because, depends on the whole-plant transpiration rate,
there is another linkage to the leaf transpiration rate (the three equatiore aib to the
canofy geometry (total leaf area and the diattibn of light, often modelled simply)The leaf
response to AR is modelled (Gutschiclet al, in review) as an gponential decrease in respon-
siveness of stomatal conductance, specifically as #iti®f applied to the slope in the Ball-Berry
model. Theresponse paramejes, in some plant species has a further dependence upon leaf
water potential ¥, ), acain bringing in a feedback loop.

This guide is a practical onérelatively few literature references are presented, since much
of the formulation is standardt is the composition of the model and its method of mathematical
solution that is unique and which is the focus héreis narratve is intended to allw anyone to
use the model by specifying theveonment and the pfsiology of the leaf.

2. Theresponse of theleaf to thelocal or " aerial” environment

2.A. Standat equations of leaf engy balance

Leaf temperature reacts in response to radiat)changes, corective heat transferand
transpirational cooling...whichwlves g. The key pediction is that of leaf temperature,.T
The basic equation of emgr balance is written for the steady state (we tdeal with tran-
sients, at present; most important for succulents and for understory plants sustained by sun-
flecks).

Radiant enagy is intercepted asAR, near infrared (NIR), and thermal infrared (TIR)he
respectre enegy flux densities may be denoted as Q= PAR, NIR, or TIR’; Sl units are
W m™. In the current ersion of the model, aimed at some simplicity and primarily forekea
near the top of the cangphe FAR and NIR enay-flux densities are tak as equalThe com-
mon AR flux density that one measures is the quantum flux deRBIBD. The a@erage mole of
PAR photons (at a avdength of 550 nm) has an eggrcontent of 220 kJThus, if we specify
the PPFD in micromol Ms?, the cowersion to total shortaveeneny flux absorbeds

Qsw@ = 0. 22(apar + ayr) PPFD (3)

The factors g, and q are clearly the absorpitties.

TIR flux density can be complicated to modelt bome simple approximations capture the
essentials. Nearkerrestrial surroundings, often mostly othegatation, has a reasonably well-
defined aerage temperature, which we may callI" It produces an isotropic flux density

\'Il'lelg =0 (Tveg +273. 2)1 (4)

Here,o is the Stedin-Boltzmann constant and the addend 273.2ettsnto absolute T in &vin.

We amit the emissiity, £, because theegetation also reflects other TIR at roughly the same T
(this can cause an error at the top of the cgnbetter approximationsxest). Continuing,we
also ascribe an fefctive radiatve emperature to the gkTg,,. In dry areas in cloudless condi-
tions, this can be more than 35 K helar temperature.Various aproximationsxst to estimate
either Ty, or its TIR flux density €g., Brutsaert, 1975, 1982)In ary event, given T, one
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computes the corresponding TIR flux dens@;?fy, by an exact analog of Eq. (4)To get the
total TIR flux density intercepted, one sums the.tWnecan also account for a leaf belthe
top of the canopnot being fully exposed to the sk If the sky is sen in a fractiongf, of solid
angle at the leaf location, the appropriate sum is

Qfir = fay QP + (2~ faiy) QiR (5)

Radiant enagy is emittedby the leaf at the blackbody rate, approximated simply as
o (T, +273.2f. The unknen to be soled for is T, as in the remaining terms of the emye
balance equation.

Corvective coolingof the leaf follavs Newvton’s law d cooling. Theleaf has a boundary
layer of nearly-laminar airlt has a corresponding conductance f@tav \apor in molar units,
that is closely approximated as dependent on windspémds™') and a characteristic leaf linear
dimension ¢, as

g, = 0. 264(mol m_ZS_l/Z) VUG ©)

The characteristic dimension is readily estimated for entineedealt is trickier for dissected
leaves and compound leges; see Gungtch and Scheupp (1990).

Given g, along with air temperature {fand leaf temperature, the rate of heat loss from leaf
to air is written as

Q= Cngb(TL - Ta) (7)

The molar heat capacity of air at constant pressyse, i€ very closely 29 J motK ™,

Latent heat loss or éanspiational coolingequals the leaf transpiration rate per arga, (B
units of molm™s™) multiplied by the molar heat ofaporization of vater 2. There is a slight
variation of 1 with temperature in the biological range, which we ignore in setting
A =45000 J mot. The transpiration rate equals the total conductance (stomata plus boundary
layer) multiplied by the &porpressure deficit from leaf interior to ambient air as a mole fraction,

(e &)
EL,a = gtot P (8)
air
Here, B, is the total air pressure (ira)? Thetotal conductance of the series resistors is
1
Gtot = m 9)

(Note that conductances presented without qualifiers are d&mrwapor Terms such as CO
will be added to subscripts for other casdn.Eq. (9), the \@tervapor pressure inside the leaf at
temperature Tis taken as the saturatedpor pressure of pureater A very accurate formula to
approximate the latter is

e = 610. 8Pa é7.269*T|_/(237.2+ L) (10)

The only unknwn is agin T_. (A correction can be applied for thener vapor pressure when
the leaf is at a knon y, by applying the multiplier gp(y, V,,/RT), with V,, as the molar ®i-
ume of liquid vater ; we do not do this presently in the model.)

Summary



One needs to kmostandard plisical constants such dsplus the follaving "fixed" quanti-
ties describing the ®ivonment and the leaf structure:

PPFD mol m2s™); this ranges up to about 2300 in the noted units

3par, &yr (-, meaning unitless); typically about 0.85

Tyeg Tsky (bOth in°C)

T2 (°C)

dleaf (m)

ums?

e, (Pa)

Pair (Pa)
The one unknan is g. Any guess for gallows one to sole a tanscendental equation for:T

0=Qsw + Qg — o (T +273. 2)1 — ComOp(TL — Ta) = 4 Guor(€L(TL) — €)/Pa(11)

2.B. The Ball-Berry equation of stomatal canhtiBall et al, 1987)
This is written as

gs=mAhJC,+b (12)

Here,m andb are fitting parametersdirly robust = nearly constant among species and condi-
tions other than ater relations), and;hC, are the relatie humidity and the C@mixing ratio at
the leaf surice, beneath the leaf boundary lay€his involves T (in computing k), so that at
least two nonlinear equations, (11) and (12), must beelsimultaneouslyThe calculation also
involves A (directly, and in computing s), so that an equation (C, Wwglmust also be sobd
simultaneously

The elative humidity at the leaf surface hg, is amply the ratio of vaervapor partial pres-
sure at the leaf swate, g divided by the saturatechpor pressure at leaf temperature, &/
can dene an expression for gby equating tw expressions for the leaf transpiration rate,

ELa=0s(8 — &) =0y~ &) (13)
The result is that

ele + 949
1+94/9,
Again, once gis specified (and Eq. (11) for L is sell), all the other quantities are kvia
The CO, partial pressue a the leafs surface C, is computed simply from the transport
equation for CQ,

C.=C,-1.37A P, /g, (15)

The factor 1.37 coverts from conductance forater \apor to conductance for the ke CO,
molecule. Thdactor B, is needed becaugeis expressed as a molar conductance multiplied by
a QO, "gradient" pressed as a mole fraction, [G®;.

The termsA and C bring in the assimilation equation, which must also beesbsimultane-
ously with Egs. (11) and (12).

SummaryOne needs to knostandard plisical constants, plus the foling "fixed" quanti-
ties describing the ®ronment and the leaf structure:

m:%: (14)



m, or, really, m; (-); common alue is 10
b (mol m2s?); commonly near 0, rarely as high as 0.5
e, (Pa) - already needed in eggrbalance
u and d.,: to compute g- aready needed in ergy balance
Ca (Pa)

The unknavn is A, which involves the net equation:

2.C. The ledak CO, assimilation ate, A

This is modelled using the well-tested model @frqtthay von Caemmererand Berry
(1980). Itdescribes:

() A light-satuated late A, that depends upon leaf-internal Cgartial pressure (Cand
on temperature (as well as partial pressure, O)

(G -1)
“M(C + Keo)

Here, V. nax IS the maximal carboxylation rate (light- and E€aturated) of the leaf, per aréa;
is the CQ compensation partial pressure, a function purely gf ahd Ko is the efective
Michaelis constant for C{binding by Rubisco enzyme, a function of temperature a@ @&ee
de Pury and &rquhar (1997) for numerical constants and the forms of temperature dependence,
which are hilt into our model.

(ii) A light-limited rate A, dependent on theAR photon-flux density (I), G, L, and a
CO,-saturated initial quantum yield gg):

Asat=V (16)

A =0l = (C+I) 17
LL—QOL—Qoom (17)

(i) A transition between the two limiting cases/olving a covexity parameterq).
QAZ -A (Asat + ALL) + AsatALL =0 (18)

Whenag is 1, this &ctors into tw equations with solutions A = & or A=A, . When# is 0O,
Eq. (18) describes the older approximation, the rectangypsarbola, A= Al /(I + lsa), With
Isat = Asat/QO-

In order to sole Egs. (16)-(18), one needs tpeess ¢Cin terms of the enronmental ari-
ables such as,G&ndA itself,

A= gtot,Coz(Ca — Ci)/Py; (19)

One can substitute the form Eq. (19) into Eg. (18) and obtain a quartic equationTinisCcan
be sohed numericallyand then Ccan be substituted into Egs. (16) and (17) to ob&aiAgan,
one must e an estimate of g (in order to compute,gco,= 1/(1. 6/g + 1. 37/g)), plus the
ernvironmental ariables.

Summary One needs to kmo some urnversal plysiological constants for carboxylation,
plus the follaving "fixed" quantities describing theveronment and the leaf structure:

V¢ max (umol m?s™)

O (P9

PPFD = (umol m?s?) (already needed for emgrbalance)

6 (-); commonlyitis near 0.8 or 0.9



Again, one must kn@ T, from solving Eg. (11) and,drom solving Eq. (12).

2.D How the "aerial" esponse equationseaslved

This is a self-containedkercise; the dect of water stress and the ABsignal is to alter the
Ball-Berry slopem, as a @mrameter of Eq. (12) abe.

An effective way to proceed is as folis:

(i) Guess a value fogs. This allowvs one to sole . (11) for leaf temperaturélhe model
incorporates »xhaustvely-tested methods for generating guesses fpragually as upper and
lower limits that will be progresatly halved in a binary searchOur model, as adftran pro-
gram, includes comment cards thaplain the vay these initial estimates are ded. The
enepgy-balance Eq. (11) is nonlinedaut is readily soled by either N@ton-Raphson iteration
from an initial guess, say, = T, (as done in our model), or a binary search from an initial upper
and laver limit.

(i) Use this value of | to solve the assimilation Egs. (16)-(18)he quartic equation for;C
noted earlier is sobd by a Neton-Raphson search.

(iif) Evaluate if A andTl | solve the Ball-Berry equatiorSimply, one composes the measure

F=g.-(mAhJ/C,+b) (20)

When F is positie, the estimate for gis too lage; it is ngative when the estimate is toowo
This allovs efective inary searching: gen upper and loer estimates g, and g, one then
computes the midpoint g,y and the correspondinghue of E If F < 0, then the root of Eq. (20)
must lie between,q and g ,; one simply taks g ., as the n& g, and proceeds to the xte
iteration. Thecase F > 0 is similawith gs ;g becoming the ne g ;.

3. Theresponse of theleaf to water stress, mediated by ABA

3.A Response of to ABA in xylem sap

The formulation of gas responding to the concentration (not flux) ofAAB xylem sap is
discussed in a number of articles yrdieu and co-arkers ¢g., Tardieuet al, 1993). Wth a
sign change to makthe parametep a positive rumber we write the modifier of conductance,

gfam as
Ofac = @fIABA] exp(=dy1) (2 1)

In some species such as swwlg 6 is zero, such that leafater potential deficit does not
amplify the efect of ABA.

Clearly, there are tw parameters needed:

B (nM~t is corvenient, since [AR\] is commonly quoted in nM); in sunfler, the magni-
tude we used is 0.008 we use the multiplicate nodel, or 0.009 in the model of the
minimum.

5 (MPa™); typically 0 for sunflaver, or near -1 for isofidric species.

In the eent we are using the alternainodel of the minimum, we also need:
gs,max(mOI m_zs_l)

3. B Geneation of ABA
ABA is generated more strongly by roots atlwater potential.From Tardieu and Daes
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(1993; see also Simonneati al, 1998), we write the concentration, [AB as responding to
root water potentialy,, and the total flux density of ater in the root,,J
CINA

(J + baga)
Note that we can write the synthesis of B), [ABA], as a Michaelis-Menten form, & J./(J
+ baga), as if lov water flav allows internal accumulation of ABthat suppresses ABgenera-
tion.

The flav of water in the root is)@ressed per unit sate area, as mai s . The parame-
ters needed for this portion of the model are:

axga (NM mol m™2s™* MPa aup -1 ); in sunflaer, we used 2.05

baga (Mol M2s?); in sunflaver, we used 0.0072

[ABA] = - (22)

3.C Completing the auwit: describing water potentials

Soil to oot. The flov of water is diven by the diference in vater potential from dk soil
(ws) to root surhice (,). Theflow is goproximately in glindrical geometrytraversing the radial
distance from d = mean intewot spacing to,r= the mean radius of a rooBecause flos are
consered, the radial fi, J a any radial distance, x, equals the root radius multiplied by the
flow at the root surdce, J (a quantity of central interest to usje an writeJ at ary distance
also in terms of D’Arg’s law © get

J=Jr/x = -k, Oy /ox (23)

Here, k < is the soil lydraulic conductiity. We assume it to be constant betweenkbsoil and
root surhice, though this condition is increasingly violated as soil gets drier (Caldwell, 1976); a
more accurate formulation describgg &s a pwer lav in v, dso yielding an intgrable form.

We a@an readily intgrate Eq. (23) to obtain

Jr
W =W — % In(x/d) (24)
h,s

In particular we can sole for  at the root sudce. W& dotain an gpression for the drop in
water potential from blk soil to root surdce,

s = ¥ = (i/kng) In(d/r) (25)

Bruckleret al. (1991) shwved empirically that root clumping is common and swkhe drop in
v larger than this.We @ply his factorF as a function of soil typeln loamy soil,F = 5! We use
a lookup table foF (with only one alue currently).

We reed to gpress the condueity in terms of soil vater potential. Some ready »@res-
sions aist (van Genuchten, 1980) fof, kin terms of wlumetric water contentg (not to be con-
fused with the corexity parameter in photosynthesis):

Kps = 10 * C16m *+ Co6i + C30r) (26)

Here, the care empirical constants, specific to a soil typé&so, 6,, is the soil vater content as a
mass fraction; if we he 6 as a wlumetric fraction, we need to ogat it by using the dry soil
bulk density as a pecific graity, p,: 6, = 8/rho,. We then need toxpress vater content in
terms ofy. We use \an Genuchtes’(1980) form forys,



Ing
1Gw-6 ™ O
'//sz_@ rﬁ -10 (27)
(04 S_erD |:|

Here, 6, is the fimiliar saturated soil ater contentg, is a residual content, and;rand ny are
empirical constantsThis can be iverted to gve ¢ for ary value ofy.:

6=6,+(0s—6;) 11+ (al//s)ns]_mS (28)

Now that we hae ¢, we can use Eq. (26) to estimate the conadityti ki, .

There are a number of parameters here, which, fortunatelgommonly tablated by soil
type:

Co, C1, G, G5 (-); talulated in a data statement in the program; for loam, we use -15.1, 60.4,

-409, 1250, respewtly

pp (-); we use 1.4 for loam

05, 6, (-); also tallated. Br loam, we use 0.338, 0.001, respestyi

ng, mg (-); for loam, we use 1.132 and 0.1166

a (MPa?):; for loam, we use -172

Flux at the oot surface in terms of whole-plant water flux aadtrgeometry The fluxE is
simply the mean flux density at the root scHd, ,J multiplied by the total root suate area of the
plant, A,... This area is simply theolume of the entire root system multiplied by the area per
volume of g/linders, which is just 2/ifor roots of radius,r We typically knav the root mass, m
and the density of the roots in dry mass p&r s so we compute the rootalume as ip,. We
can nav compute Jas

J = E/Aioot = Epiri/(2my) (29)
This allowvs us to compose theater potential drop as
_ e In(dfr) _ £ o2 In(d/r,)F
Ky, 2 mky,

The one quantity we kia yet to calculate is the mean distance between roots ay iividre
arranged in a gular array This is a function of the total root length per ground area and the
depth of soil into which the roots are disperseg, dOne can readily dere

(30)

Vs — V¥,

d= % rV P 2 Dgon/m, (30)

The parameters we vaintroduced here are:

r. (m); this \aries, loit for sunflaver we use 0.0008 m = 0.8 mm

Do (m); for a typical field, we used a rooting depth of 0.4 m

p, (kgm™); roots are about 25% dry maites we use 250

m, (kg m2); this \aries with stage of stand\d#opment; in our gample, we used 0.1608
for a specific field xgperiment

F (-); we used 5.This factor can also incorporate an accounting for the fraction (<1) of root
system that is aste (hin roots, nonsuberized), by multiplying the clumpimagtér by
1/(fraction of root mass auB)

3.D Hnal stage: converting fom leaf tanspimtion rate E,_ ,, to whole-plant ate, E



The leaf responses are formulated in terms of thA é@hcentration, which is generated in
response to whole-plantater flux andy,. There is a real issue of scaling; a model of the whole
plant must be usedln practice, the model we present might be split into preces, one of
which computes E, for a sampling of lezes throughout the plant (or stand), and the other of
which computes ater potentials, soil-to-root conduaty, and E. For a quicker viewn, we mght
consider a closed canppnd the simple approximation that sunlit leaf areaxnde20. Thus,
we would tale E=2 E ,.

4. Discussion

The immediate state of a plant is described by

A. Its structure (root and shoot: masses, leaf area, leaf and root dimensions, etc.),

B. its physiological and biopysical parameters (carboxylation capaciphotosynthetic
convexity parameterBall-Berry slope and intercept or egaent descriptors of stomatal
control, absorptities for radiation, etc.),

C. Leaf and root eronments (air temperature, humidignd windspeed; soil iture class,
depth, and ater potential...)

It is a demanding task to specify all of these parameters and atetieles bt a necessary one.
Fortunately mary of the parameters that are not commonly measured in a Xpé&timent are
"robust,” or predictable from broad cgteizations. Br example, the soil ydraulic conductiity

and the parameters relatipg to volumetric or mass ater content are readily estimated from
soil texture classes such as loam or sandy lo@he same holds for mgphysiological parame-
ters. TheBall-Berry slope is commonly near 10 and the intercept is near zeron(@ndb do
respond to gneth conditions and are correlated with each otfidns leads to some interesting
features in stand ater use; Gutschickt al, in review for Global Chang Biology as of Na.
2001). Inbrief, the task is not as onerous as it see@thier parameters are less constrained and
represent real, pisical or plysiological conditioners of plant performance, including soil depth,
root radius, and sunlit leaf area inddt is wel worth thinking about these carefully and darg
accurate estimates.

The Fortran 77 program isvailable in a separate file on thisel/ site. It was written in
1999. W recently (Ne. 2001) translated the comments and the terminal prompts into English.
We dso modified it to incorporate our recent impgements in the solution of the Ball-Berry +
assimilation + engry-balance equationsThe program compiles and runs on our Swurksta-
tions; with a ery fev cosmetic changes, it should run oryather platform. We havefound that
Visual Fortran handles ourdftran style well.

An annotated data-input file is also included in the listing of tragdn program.
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